We discuss neutron stars with strong magnetic mean fields in the framework of Extended Theories of Gravity. In particular, we take into account models derived from f (R) and f (G) extensions of General Relativity where functions of the Ricci curvature invariant R and the Gauss-Bonnet invariant G are respectively considered. Dense matter in magnetic mean field, generated by magnetic properties of particles, is described by assuming a model with three meson fields and baryons octet. As result, the considerable increasing of maximal mass of neutron stars can be achieved by cubic corrections in f (R) gravity. In principle, massive stars with M > 4M⊙ can be obtained. On the other hand, stable stars with high strangeness fraction (with central densities ρc ∼ 1.5 − 2.0 GeV/fm 3 ) are possible considering quadratic corrections of f (G) gravity. The magnetic field strength in the star center is of order 6 − 8 × 10 18 G. In general, we can say that other branches of massive neutron stars are possible considering the extra pressure contributions coming from gravity extensions. Such a feature can constitute both a probe for alternative theories and a way out to address anomalous self-gravitating compact systems.
I. INTRODUCTION
The discovery of the pulsar PSR J1614-2230 [1] led to several interpretative problems on the physics of neutron stars and to the possibility that the standard theory of such objects could be revised including also the other anomalous objects that observations are revealing [2, 3] . In particular, for a realistic description of nuclear matter, one needs to account for the appearance of exotic particle at densities ∼ 5 ÷ 8 × 10
14 g/cm 3 [4] . Despite of this requirement, the equation of state (EoS) considerably softens (M max ∼ 1.5 − 1.6M ⊙ ) (see [5] [6] [7] [8] [9] ) and therefore the maximal neutron star mass results reduced. Some approaches have been recently proposed to solve the problem [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , however there is no final agreement on the solution of the puzzle. In particular, the required maximal mass (∼ 2M ⊙ ) can be obtained for hyperon EoS from more complex model of strong interaction than simple σωω-model with realistic hyperon-meson couplings. However, it is worth noticing that one cannot derive a reliable M -R relation for neutron stars from observations because there are no precise radius measurements for any stars [21] .
On the other hand, the maximal limit of neutron star mass can increases considerably due to strong magnetic field inside the star. The observations of gamma-ray repeaters and anomalous X-ray pulsars may indicate the existence of magnetic fields of the order 10 15 G on the stellar surface. In the center of the star, the magnetic field can exceed 10
18
G. Realistic EoS with hyperons and quarks in presence of strong magnetic field are considered in [22] [23] [24] [25] . The maximal mass of neutron star can exceed, in these cases, 3M ⊙ for B c ∼ 3.3 × 10 18 G. Therefore it seems that the existence of neutron stars with masses exceeding considerably two solar mass (without strong magnetic field) is impossible in the framework of General Relativity (GR). Despite of this theoretical constraint, it is interesting to note that there are several observational indications in favor of maximal masses that exceed this limit. In fact, masses of B1957+20 and 4U 1700-377 are estimated as ∼ 2.4M ⊙ [26, 27] while for PSR J1748-2021B , the mass limit reaches M ∼ 2.7M ⊙ [28] .
In principle, observational data on neutron stars (mainly the mass-radius M − R relation) can be used to investigate possible deviations from GR as probe for alternative gravity theories.
Alternatives to GR have been developed in order to solve several shortcomings related to the ultraviolet and infrared behaviors of the gravitational field as formulated in the Einstein theory [29] . In particular, Extended Theories of Gravity could successfully address the recently established phenomenon of the accelerated expansion of the universe. This fact is confirmed by observations of type Ia supernovae [30] [31] [32] , by microwave background radiation anisotropies [33] , by cosmic shear through gravitational weak leasing surveys [34] and by data coming from Lyman alpha forest absorption lines [35] . This acceleration should occur thanks to the so called dark energy, a cosmic fluid with negative pressure according to the standard approach. In the framework of GR, the simplest explanation is given by the ΛCDM model where the Einstein Cosmological Constant and the dark matter supply almost the 95% of the cosmic budget. However, up to now, no final answer to the question of what are the fundamental constituents of such dark ingredients has been definitely found. Alternative approaches to the resolution of dark side puzzle (both dark matter and dark energy) require to modify gravity (for details see [29, [36] [37] [38] [39] [40] and references therein). Main advantages of such approaches are the possible unification of dark energy and early-time inflation [42] and the explanation of cosmic structures without new exotic material ingredients [41] . In principle, these theories can satisfactorily reproduce the data of astronomical observations and therefore one cannot distinguish if the dark side issues can be addressed by geometry (l.h.s. of field equations) or by matter fluids (r.h.s. of field equations).
Addressing exotic compact objects by modified gravity could give, in principle, new signatures in favor (or in disfavor) of possible extensions of GR. Some models of f (R) gravity can be considered as unreliable because stable star configurations do not always exist [43] [44] [45] [46] [47] [48] [49] [50] . However the existence of stable star configurations can be achieved in certain cases due to the so-called Chameleon Mechanism [51, 52] or may depend on the chosen EoS. Furthermore, strong gravitational regimes could be considered if one assume GR as the weak field limit of some more complicated effective gravitational theory [53] . In this sense, higher-order corrections and extensions could be "detected" as the mechanism capable of producing anomalous neutron stars. In other words, the interior of a self-gravitating compact object could behave, in broad sense, like the early inflationary universe where strong gravitational fields were present.
As discussed in [54] , the proposition of validity of GR as the only theory capable of describing neutron stars is rather an extrapolation because the strength of gravity within a star is orders and orders of magnitude larger than the gravitational strengths probed in the Solar System weak field limit tests.
Neutron star models with quadratic corrections like f (R) = R + αR 2 gravity are considered in [55-58, 60, 61] . If also magnetic fields are assumed, more realistic models can be considered [62, 63] ). In the case of these quadratic corrections, the possible increasing (or decreasing) of maximal star mass in comparison with GR is negligible for realistic values of the parameter α. Realistic models addressing the observed models can be achieved by considering also cubic corrections in the Ricci scalar R [57, 58] .
In this paper, we consider the possibility of existence of neutron stars with extreme properties in the framework of Extended Theories of Gravity. In particular we will take into account generalizations of the Einstein gravity containing functions of the Gauss-Bonnet invariant f (G) and we will compare them with f (R) gravity. In fact, involving the Gauss-Bonnet invariant into the gravitational action is a useful approach to cure shortcomings related to f (R) as, for example, the presence of ghosts. Furthermore, some functions of the topological invariant G are related to conserved quantities (see also [64] ). This fact seems to contribute to make stable self-gravitating systems, as we will see below.
The paper is organized as follows. In Section II, we derive the field equations for f (G) and f (R) gravity and the corresponding modified Tolman-Oppenheimer-Volkoff (TOV) equations. In Section III is devoted to the discussion of relativistic mean field theory for dense matter. Here we show how electromagnetic properties of particles give rise to the magnetic mean field of the neutron star and how such a field contributes to the EoS.
In Section IV, modified TOV equations are numerically solved for realistic EoS for matter in strong magnetic field. In particular, we investigate the cubic corrections for f (R) gravity and quadratic corrections for f (G) gravity. The results are compared to GR. Conclusions and outlook are given in Section V.
II. TOLMAN-OPPENHEIMER-VOLKOFF EQUATIONS IN EXTENDED GRAVITY
Let us consider now corrections to the GR where higher order curvature invariants are added to the standard HilbertEinstein action. As discussed above, such an approach is useful to address several issues related to dark components. In our case, we will show that such corrections results as further effective pressure in the TOV equations. We will start with dealing with f (G) gravity and compare results with f (R) gravity.
The action for R + f (G) gravity is
As standard in the Einstein gravity, by working with the commutative connections in a Riemann spacetime, R is the Ricci scalar, and the function f (G) corresponds to a generic globally differentialable function of the Gauss-Bonnet topological invariant G. We add also the matter action S m which induces the energy momentum tensor T µν . We assume κ 2 = 8πG/c 4 , where G is the standard Newtonian gravitational coupling. In metric formalism and by taking the metric as the dynamical variable of the model, the field equations are [65] (see also refs. [66] )
where f G = df (G)/dG and the Gauss-Bonnet invariant is defined as
where R µν and R µνλσ are the Ricci and Riemann tensors, respectively. We adopted the signature for the Riemannian metric as (− + ++). It is
ωρ for the covariant derivative and the Riemann tensor, respectively.
Let us suppose now that the metric is spherically symmetric with coordinates x µ = (ct, r, θ, ϕ) in the following form:
We assume that the interior of star is filled with a perfect fluid with energy-momentum tensor of the form T µν = diag(e 2φ ρc 2 , e 2λ p, r 2 p, r 2 sin 2 θp), where ρ is the matter density and p the pressure. The tt and rr components of field equations (2) read:
The trace of (2) gives
The hydrostatic continuity equation follows from the contracted Bianchi identities ∇ µ T µ ν for ν = r. It is dp dr
The continuty equation is identically satisfied for ν = t. Note that if f (G) = G, Eqs. (5) and (6) reduce trivially to the GR field equations being the linear G a conserved topological invariant resulting null when integrated in a 4D-spacetime. Let us now replace the metric function with the following expression in terms of the gravitational mass function M = M (r):
The aim is to rewrite Eqs. (5) and (6) in terms of dp dr , dM dr and ρ in a dimensionless form. For this purpose, we introduce the following set of dimensionless parameters
Here r g = GM ⊙ /c 2 corresponds to one half of the gravitational radius of the Sun. We also introduce the dimensionless function f → r −2 g f . From now on, we will use dimensionless parameters. The continuity equation becomes the following dp dr
Eq. (9) becomes
Using Eqs. (11) and (12) in Eq. (6), we obtain 2 r 2 r − 2m p + ρ dp dr + 2m
For the (tt) equation, we get
Our aim here is to solve the system of the differential Eqs. (7), (13), (14) numerically. For solving, we use the perturbative approach described in [55] for f (R) gravity (for independent derivation of TOV equations in F (G) gravity, see [67] ). In the framework of perturbative approach, terms containing f (G) and its derivatives are assumed to be of first order in the small parameter
, so all such terms should be evaluated at O(α) order. Therefore one needs to calculate the Gauss-Bonnet invariant at zero order. We have, for G, the following equation
At zero order, the λ and φ functions are determined by the equations which follow from the standard TOV equations in GR, that is
In order to calculate second derivatives for λ and φ at zero order, one needs the TOV equations again. Finally we have for G (0) :
At first order in α, one obtains the following system
Such modified TOV equations can be compared to the corresponding equations coming from f (R) corrections. In this case, the action is modified as
As before, one can assume a perturbative approach considering a perturbation parameter α, that is f (R) = αh(R). The resulting modified TOV system results (see [57] for details)
The Ricci scalar at zero order is
). For the numerical integration of Eqs. (19) , (20) and Eqs. (22), (23) , one needs to add an EoS of the form p = p(ρ).
III. RELATIVISTIC MEAN FIELD THEORY FOR DENSE MATTER
A realistic EoS can be considered assuming dense matter in presence of a strong magnetic field generated by the electromagnetic properties of particles. In our perturbative approach, we do not need axially symmetric solutions for metric in order to consider a magnetic field coupled to the star angular momentum. We are assuming here how the TOV equations are modified by the geometric terms coming from extended gravity models and how the effective magnetic field, derived from the mean quantum properties of particles, contributes to the dynamics of the selfgravitating system. Furthermore, it is worth stressing another important point. We are developing our considerations in the Jordan frame where matter is minimally coupled with respect to the geometry. In this case, we can easily control the relativistic EoS that we are adopting and directly confront it with the GR counterpart (see [59] for further details). This is not the case if we were adopting the Einstein frame. In that case, matter results non-minimally coupled with geometry and the meaning of EoS parameters could result of difficult interpretation.
As a first step, let us briefly describe the relativistic mean field theory for dense matter. We follow the same treatment of magnetic field for magnetic neutron stars in GR (see [22, [68] [69] [70] ) since the addition of purely gravitational (geometric) terms does not change the electromagnetic dynamics of system. One considers the nuclear matter consisting of baryon octet (b =p, n, Λ, Σ 0,± , Ξ 0,− ) interacting with magnetic field (in general case) and scalar σ, isoscalar-vector ω µ and isovector-vector ρ meson fields and leptons (l =e
Here
are the mesonic and electromagnetic field strength tensors. For simplicity, one neglects the anomalous magnetic momenta of particles and consider frozen-field configurations of electromagnetic field. For density-dependent couplings g bσ , g bω and g bρ , we use the parameterization by [71] . For expectation values of meson fields, one can obtain the following equations of motion
Here the scalar and vector baryon number densities are n s b and n b correspondingly. These quantities are defined as [72] The nucleon-meson couplings and parameters of scalar field potential for some models [5, 71] . The nuclear saturation density ns is also given.
for neutral baryons and for neutral particles. The summation over ν = n + 1/2 − sgn(q)s/2 ends at value ν max at which the square of Fermi momenta is still positive. A summary of nucleon-meson couplings and scalar field parameters for some models in literature is given in Table I . For hyperon-meson couplings one can assume fixed fractions of nucleon-meson couplings, i.e. g iH = x iH g iN , where x σH = x ρH = 0.600, x ωH = 0.653, x ρH = 0.6 (see [22] ).
Baryon number conservation, charge neutrality and β-equilibrium conditions allow to obtain the EoS. Matter energy density is defined as
is the energy density for neutral baryons and The pressure of dense matter is given by
where
is the pressure for neutral baryons and
|B is the pressure for charged baryons. The rearrangement of self-energy terms is defined by For effective EoS, one needs also to account for the energy density and pressure generated from the magnetic field. One obtain
Clearly, the magnetic field depends only on the baryon density n. We use a simple parameterization (see, for example, [22, 25] )
where B s is the magnetic field on star surface (10 15 G). For parameters γ and β one can realistically assume the values γ = 2, β = 0.05 (slowly varying field) and γ = 3, β = 0.02 (fast varying field). The value B 0 = B c B * 0 where B c = 4.414 × 10 13 G is the critical field for electrons.
IV. RESULTS
The modified TOV equations, equipped with the above EoS (we use TW parametrization), can be used to construct self-consistent models for extreme neutron stars. Here we will develop two specific cases where cubic corrections for f (R) gravity and quadratic corrections for f (G) gravity are adopted. The general result is that stable configurations for extremely massive neutron stars with strong magnetic fields can be achieved. This value strictly depends on the EoS. We take into account the cases B 0 = 2, 3, 4 × 10 5 . The value of the parameter is α < 4 × 10 −3 for realistic densities related to these cases. The properties of stars with maximal mass are given in Tables II and III and are compared to GR (β = 0). The mass-radius relation is represented in Fig. 1 . It is worth noticing that, although the maximal mass increases, the central density decreases (for fast varying field). In the case of fast varying magnetic field, the increasing of mass can exceed 1. ). The minimal value of parameter β, at which the increasing of maximal mass is ∼ 1M ⊙ , is β ∼ −60 for these values of B 0 . In the case of slowly varying field, the minimal value of β for ∆M ∼ 0.5M ⊙ is β ∼ −60 for B 0 = 2 − 3 × 10 5 and β ∼ −75 for B 0 = 3 − 4 × 10 5 . A consideration is in order at this point. In the cases we are dealing with, the particle Σ − is the hyperon that contributes to the EoS. In this picture, this is the only strange particle contributing to the stars of maximal mass. For B 0 = 2 × 10 5 (slowly varying field) there are also Λ hyperons. In contrast to this, for B 0 = 4 × 10 5 (fast varying field), the maximal possible mass corresponds to densities where hyperons do not appear yet. It is interesting to see that this picture takes place both in GR and f (R) gravity. This means that extreme neutron stars can be achieved without exotic particles out of the Standard Model.
B. The case of f (G) gravity
The case of Gauss-Bonnet quadratic corrections f (G) = βG 2 is interesting because allows to achieve stable neutron star configurations with high central densities for negative β. Therefore the existence of stable neutron stars with extremely magnetic fields in the center (in comparison with GR) is possible in this model. Although the increasing of mass is negligible, the central energy density for stars with maximal mass is close to 1.5 − 2.0 GeV/fm 3 (see Fig.  2 for mass-density relation in the case of fast varying field. For slowly varying field similar effects take place). The cores of such stars can contain considerable fraction of Σ − and Λ hyperons. The corresponding field in the center of the star can exceed 7 − 8 × 10
18 G (in GR, the maximal central field for these models is only ∼ 4.2 × 10 18 G, see Table IV ). It is interesting to note that similar effect takes place also in the case of quadratic f (R) gravity (see [63] ). It is worth noticing that, for β <∼ −0.2 and quadratic f (G) corrections, there is no stable stars with extremely large central densities.
V. DISCUSSION AND CONCLUSIONS
We have considered neutron star models with strong magnetic fields in the framework of f (R) and f (G) gravity models. We have used a model with three meson fields for dense matter in strong magnetic field and coupled the corresponding EoS to the modified TOV equations. The reason to adopt such an approach is to investigate the possibility of the existence of neutron stars with extreme features as high central densities and large masses as recently pointed out by observations of some peculiar objects.
Our considerations show that considerable increasing of mass can be achieved adopting cubic f (R) gravity corrections. Thus, the possibility of supermassive (M > 4M ⊙ ) neutron stars with R ∼ 12 − 15 km in modified gravity seems, in principle, realistic. If such stars will be explicitly observed, this could be considered as a clear signature that some self-gravitating systems can violate General Relativity constraints in favor of modified gravity.
On the other hand, quadratic f (G) gravity corrections indicate that another interesting effect is possible: namely stable stars with central densities close to ρ c = 1.5 − 2.0 GeV/fm 3 (and therefore with high strangeness fraction) can exist. The field strength in the center can exceed 8 × 10
18 G. This limit cannot be achieved in General Relativity by using standard observed matter.
As a general remark, we can say that the puzzles related to the existence of extreme neutron stars could be realistically addressed by supposing the emergence of corrections and extensions to the General Relativity in the strong field regimes. In some sense, the mechanism could be similar to that supposed in the early-time inflation where higher-order curvature terms naturally emerge into dynamics. Beside the explanation of anomalous compact star, this approach could be considered as an independent probe for modified gravity with respect to the analogue descriptions invoked for dark matter and dark energy. 
